













Zh frqvlghu dq h{fkdqjh hfrqrp| lq zklfk wkhuh duh lqqlwho| pdq|
frqvxphuv dqg vrph frpprglwlhv duh edgv/ wkdw lv/ fdxvh glvxwlolw| wr
frqvxphuv1 Zh jlyh dq h{dpsoh ri vxfk dq hfrqrp| iru zklfk wkhuh lv
qr frpshwlwlyh htxloleulxp ru lwv yduldqwv +txdvl0 ru svhxgr0htxloleulxp,1
Zh dovr jlyh h{dpsohv ri wkh idloxuh ri wkh vr fdoohg xqlirup lqwhjudelo0
lw| frqglwlrq ri htxloleulxp doorfdwlrqv ri lqfuhdvlqjo| srsxorxv qlwh
hfrqrplhv/ dqg dovr wkh idloxuh ri wkh fruh frqyhujhqfh surshuw|1
Nh|zrugv= Jhqhudo htxloleulxp/ edgv/ h{lvwhqfh/ fruh frqyhujhqfh1
MHO Fodvvlfdwlrq Frghv= F95/ F:4/ G74/ G84/ G94/ G96/ T541
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H{lvwhqfh ri Htxloleuld dqg Fruh Frqyhujhqfh
lq Hfrqrplhv zlwk Edgv
Fkldnl Kdud4
Idfxow| ri Hfrqrplfv dqg Srolwlfv/ Xqlyhuvlw| ri Fdpeulgjh
4 Lqwurgxfwlrq
414 Vhwxs
Wklv sdshu lv frqfhuqhg zlwk h{fkdqjh hfrqrplhv lq zklfk vrph frp0
prglwlhv duh edgv/ wkdw lv/ fdxvh glvxwlolw| wr frqvxphuv1 Wr vlpsoli| wkh
dqdo|vlv/ zh frqfhqwudwh rq wkh fdvh zkhuh wkhuh duh rqo| wzr w|shv ri
frpprglwlhv/ rqh ri zklfk lv d jrrg dqg wkh rwkhu lv d edg1 Wkh jrrg
fdq eh frqvlghuhg mxvw dv dq| frqvxpswlrq jrrg/ zkloh wkh edg vkrxog
eh frqvlghuhg dv jduedjh ru wr{lf zdvwhv1 Wkh h{fkdqjh hfrqrp| lv srs0
xodwhg zlwk lqqlwho| pdq| frqvxphuv/ hdfk ri zkrp lv qhjoljleoh lq vl}h
uhodwlyh wr wkh hqwluh hfrqrp|1 Dv zloo eh vhhq lq wkh vxevhtxhqw dqdo|0
vlv/ zkdw wxuqv rxw wr eh fuxfldo lv qrw wkh lqqlw| ri wkh srsxodwlrq ri
frqvxphuv shu vh exw wkh lqqlw| ri w|shv ri frqvxphuv1
Wkh uhvrxufh ihdvlelolw| frqvwudlqw lq doo wkh qrwlrqv ri Sduhwr0h!flhqf|/
frpshwlwlyh htxloleuld/ dqg wkh fruh/ ri wklv sdshu uhtxluhv wkh ghpdqg wr
eh h{dfwo| htxdo wr vxsso| iru hdfk frpprglw|1 Dq dowhuqdwlyh uhvrxufh
ihdvlelolw| frqvwudlqw zrxog doorz wkh ghpdqg wr eh ohvv wkdq wkh vxsso|>
4 Wklv sdshu lv d vslq0r ri wkh frooderudwlrq zlwk Dnlud \dpd}dnl/ wr zkrp L dp prvw
judwhixo1 Urehuw Dqghuvrq jdyh ph pdq| khosixo dqg lqvljkwixo frpphqwv1 Frppxqlfdwlrqv
zlwk Dwvxvkl Ndmll dqg frqyhuvdwlrqv zlwk Pdprux Ndqhnr zhuh vwlpxodwlqj1 L dovr wkdqn
zrunvkrs sduwlflsdqwv dw N|rwr dqg vhplqdu sduwlflsdqwv dw Rwdux Xqlyhuvlw| ri Frpphufh/
Krnndlgr Xqlyhuvlw|/ N|rwr Xqlyhuvlw|/ dqg Klwrwvxedvkl Xqlyhuvlw|/ hvshfldoo| Wrprnl Lq0
rxh/ Wrprlfkl Vklqr}xnd/ dqg Nrwdur Vx}xpxud1 L judwhixoo| dfnqrzohgjh wkh krvslwdolw| ri
Lqvwlwxwh ri Hfrqrplf Uhvhdufk dw Klwrwvxedvkl Xqlyhuvlw|1 Sduwv ri wkh sdshu/ vxfk dv wkh
surri phwkrgv iru Ohppdv : dqg ; dqg Sursrvlwlrqv 47 dqg 49/ duh frqwdlqhg lq wkh N|rwr
zrunvkrs surfhhglqj +Kdud +5336,,1
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dqg wkh fruuhvsrqglqj frpshwlwlyh htxloleulxp frqfhsw lv fdoohg d iuhh0
glvsrvdo htxloleulxp1 Zh gr qrw xvh wklv zhdnhu frqvwudlqw/ ehfdxvh wkdw
zrxog doorz wkh edg wr eh iuhho| glvsrvhg ri dqg khqfh wulyldol}h wkh sure0
ohp ri wkh h!flhqw doorfdwlrq ri edgv1 Zkloh d iuhh0glvsrvdo htxloleulxp
lqyroyhv rqo| qrq0qhjdwlyh sulfhv/ dq frpshwlwlyh htxloleulxp vdwlvi|lqj
wkh h{dfw uhvrxufh ihdvlelolw| frqvwudlqw pxvw lqyroyh qhjdwlyh sulfhv iru
edgv1 Wklv sdshu h{soruhv vrph frqvhtxhqfhv ri doorzlqj iru qhjdwlyh
sulfhv1
Lq prvw ri wklv sdshu/ wkh frqvxpswlrq vhw lv dvvxphg wr eh wkh qrq0
qhjdwlyh ruwkdqw -5.1 Wklv lv prvwo| iru vlpsolflw|/ h{fhsw wkdw wkhuh lv
qr xsshu erxqg rq wkh srvvleoh frqvxpswlrq ohyhov iru wkh edg/ zklfk zh
zloo vhh wxuqv rxw wr eh dq lpsruwdqw surshuw|1 Lq rxu h{dpsohv/ hyhu|
frqvxphu*v lqlwldo hqgrzphqw iru hdfk frpprglw| lv vwulfwo| srvlwlyh1
415 Rxu Uhvxowv dqg wkh Uhodwlrqvkls zlwk wkh Olwhudwxuh
Wkhuh kdyh ri frxuvh ehhq pdq| frqwulexwlrqv lq jhqhudo htxloleulxp
wkhru| lq zklfk edgv dqg qrq0prqrwrqh suhihuhqfh uhodwlrqv duh lqfru0
srudwhg1 Zkloh Duurz dqg Gheuhx +4<87, xvhg wkh iuhh0glvsrvdo htxlole0
ulxp dv wkh htxloleulxp frqfhsw/ wkh htxloleulxp frqfhsw ri PfNhq}lh
+4<8</ 4<;4, uhtxluhv wkh h{dfw htxdolw| ri vxsso| dqg ghpdqg zlwk srv0
vleo| qhjdwlyh sulfhv1 Klv zrun kdg odwhu ehhq iroorzhg e| Ehujvwurp
+4<:9,/ Nxkq dqg Kduw +4<:8,/ Srohpdufkdnlv dqg Vlfrqro +4<<6,/ dqg
rwkhuv1 Lq wkh prghov ri wkhvh sdshuv/ wkhuh dvvxphg wr eh rqo| qlwho|
frqvxphuv1
Dxpdqq +4<97, lqwurgxfhg d jhqhudo htxloleulxpprgho ri dq h{fkdqjh
hfrqrp| zlwk lqqlwho| pdq| frqvxphuv wr hvwdeolvk wkh fruh htxlydohqfh
wkhruhp1 Wkh h{lvwhqfh ri d frpshwlwlyh htxloleulxp lq vxfk d hfrqrp|
zdv vxevhtxhqwo| hvwdeolvkhg e| Dxpdqq +4<99,/ Vfkphlgohu +4<9<,/ dqg
Kloghqeudqg +4<:3,1 Dxpdqq +4<99, dqg Vfkphlgohu +4<9<, dvvxphg
6
wkdw hyhu| frqvxphu kdv d prqrwrqh suhihuhqfh uhodwlrq1 Kloghqeudqg
+4<:3, frqvlghuhg d surgxfwlrq hfrqrp|/ lq zklfk frqvxphuv* suhihuhqfh
uhodwlrqv qhhg qrw eh prqrwrqh exw wkh surgxfwlrq whfkqrorj| fdq glv0
srvh ri dq| frpprglw| zlwkrxw lqfxuulqj dq| frvwv lq whupv ri rwkhu frp0
prglwlhv1 Lq wkh frqwh{w ri dq h{fkdqjh hfrqrp|/ wkhuhiruh/ klv wkhruhp
zrxog rqo| hvwdeolvk wkh h{lvwhqfh ri d iuhh0glvsrvdo htxloleulxp1 Fruqhw/
Wrsx}x/ dqg \logl} +5336, suryhg wkh h{lvwhqfh ri d iuhh0glvsrvdo htxl0
oleulxp lq dq h{whqghg vhqvh/ lq wkdw wkh frqh lq wkh frpprglw| vsdfh
uhsuhvhqwlqj wkh ihdvleoh gluhfwlrqv ri glvsrvdo pd| eh qduurzhu wkdq wkh
qrq0srvlwlyh ruwkdqw1 \hw wkhlu uhvxow idoov vkruw ri wkh h{lvwhqfh ri dq
htxloleulxp zkhq wkh iuhh glvsrvdo lv frpsohwho| lpsrvvleoh1 Wr vxppd0
ul}h/ xqolnh wkh fdvh ri hfrqrplhv frqvlvwlqj ri qlwho| pdq| frqvxphuv/
dq| htxloleulxp h{lvwhqfh wkhruhp zlwkrxw prqrwrqh suhihuhqfh uhodwlrqv
dqg wkh iuhh glvsrvdelolw| kdv ehhq surylghg1 Qhlwkhu kdv dq h{dpsoh ri
wkh qrq0h{lvwhqfh1 Wklv sdshu suhvhqwv vxfk dq h{dpsoh +H{dpsoh 43,1
Rxu h{dpsoh lv vlplodu wr wkh h{dpsoh ri wkh qrq0h{lvwhqfh ri dq htxl0
oleulxp lq dq h{fkdqjh hfrqrp| ri Dudxmr +4<;8,/ lq wkdw wkhuh lv qhlwkhu
dq h!flhqw dqg lqglylgxdoo| udwlrqdo doorfdwlrq qru dq h!flhqw dqg hqy|0
iuhh doorfdwlrq lq erwk rxu dqg klv h{dpsohv1 Wkh glhuhqfh lv/ urxjko|/
wkdw wkh uroh ri frqvxphuv dqg frpprglwlhv duh vzdsshg lq klv h{dpsoh/
vr wkdw wkhuh duh rqo| wzr frqvxphuv exw lqqlwho| pdq| frpprglwlhv1
Jlyhq wkdw dq hfrqrp| ri lqqlwho| pdq| qhjoljleoh frqvxphuv fdq eh
dssur{lpdwhg e| d odujh qlwh hfrqrp| zlwk uhvshfw wr wkh zhdn wrsrorj|
ri suredelolw| phdvxuhv/ dqg wkdw hyhu| qlwh hfrqrp| kdv dq htxlole0
ulxp/ rqh pljkw zrqghu zkdw zrxog kdsshq wr wkh olplw ri wkh vhtxhqfh
ri htxloleuld ri qlwh hfrqrplhv wkdw frqyhujhv wr wkh lqqlwh hfrqrp|
kdylqj qr htxloleulxp1 Zh zloo vhh +H{dpsoh 55, wkdw wkh vhtxhqfh ri
htxloleulxp doorfdwlrqv ri qlwh hfrqrplhv pd| qrw vdwlvi| wkh vr0fdoohg
xqlirup lqwhjudelolw| frqglwlrq/ vr wkdw/ dv wkh iuhh0glvsrvdo lv lpsrvvl0
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eoh/ wkh vhtxhqfh grhv qrw srvvhvv dq| olplw wkdw zrxog fruuhvsrqg wr dq
htxloleulxp doorfdwlrq ri wkh lqqlwh hfrqrp|15 Wklv lv dq lqvwdqfh ri wkh
glyhujhqfh/ srlqwhg rxw e| Dqghuvrq +4<<5,/ lq htxloleulxp rxwfrphv eh0
wzhhq lqqlwh dqg odujh qlwh hfrqrplhv gxh wr wkh dvvxpswlrqv lpsolflw
lq wkh irupxodwlrq ri dq lqqlwh hfrqrp|1 Dqrwkhu lqvwdqfh ri wkh vdph
qdwxuh lv wkh idloxuh ri wkh fruh frqyhujhqfh zlwkrxw prqrwrqh suhihuhqfh
uhodwlrqv/ dv h{hpsolhg e| Pdqhool +4<<4d,1 Zh jlyh dq h{dpsoh +H{dp0
soh 57, ri wkh idloxuh ri wkh fruh frqyhujhqfh/ zklfk lv vlpsohu wkdq klv1
Erwk ri wkh wzr h{dpsohv looxvwudwh d srwhqwldo vrxufh ri pdunhw srzhu
dulvlqj iurp suhihuhqfh iru +ru/ wkh zloolqjqhvv wr dffhsw, edgv/ qrw iurp
lqlwldo hqgrzphqw doorfdwlrqv1
416 Vljqlfdqfh ri wkh Uhvxowv
Krz wr doorfdwh edgv h!flhqwo| lv dq lpsruwdqw hfrqrplf lvvxh1 D jhqhudo
htxloleulxp prgho zlwk edgv lv dq dssursuldwh wkhruhwlfdo iudphzrun wr
wdfnoh wklv txhvwlrq/ vlqfh edgv duh riwhq jhqhudwhg lq frqmxqfwlrq zlwk
wkh surgxfwlrq ru frqvxpswlrq dfwlylwlhv ri jrrgv/ dqg d jhqhudo htxlole0
ulxp prgho zrxog wkhq eh qhfhvvdu| wr dvvhvv wkh zhoiduh frqvhtxhqfhv
ri vxfk mrlqw surgxfwlrqv1 Wkh prgho ri wklv sdshu lv d vwdwlf h{fkdqjh
hfrqrp| zlwk rqo| wzr frpprglwlhv/ rqh jrrg dqg rqh edg1 Lw lv dq
dssursuldwh ehqfkpdun fdvh/ mxvw olnh wkh Hgjhzruwk er{ hfrqrp| dqg
wkh Urelvrq0Fuxvrh hfrqrp|1
Zh dvvxph wkdw wkhuh duh frpsohwh pdunhwv iru jrrgv dqg edgv1 Lq
sduwlfxodu/ qr frqvxphu fdq hvfdsh iurp frqvxplqj edgv zlwkrxw sd|lqj
5 Rqh frxog frqvwuxfw d vhtxhqfh ri htxloleulxp doorfdwlrqv ri qlwh hfrqrplhv rq wkh vdph
vsdfh ri frqvxphuv/ zklfk kdyh dq doprvw hyhu|zkhuh olplw1 Jlyhq wkh idloxuh ri xqlirup
lqwhjudelolw|/ krzhyhu/ wkh frqfoxvlrq ri Idwrx*v ohppd krogv zlwk vwulfw lqhtxdolwlhv/ ohdglqj
wkh doprvw hyhu|zkhuh olplw wr ylrodwh wkh h{dfw uhvrxfh0ihdvlelow| frqvwudlqw1
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sulfhv16 Zh dovr dvvxph wkdw edgv jhqhudwh qr h{whuqdolwlhv17 Zkloh vrph
lpsruwdqw h{dpsohv ri edgv/ vxfk dv srooxwlrq/ gr kdyh h{whuqdolwlhv/ lw
lv d jrrg wkhruhwlfdo h{huflvh wr wdnh xs d prgho zlwk qr h{whuqdolwlhv wr
vwxg| h!flhqw doorfdwlrq ri edgv1
Lq wklv iudphzrun/ wkh uvw dqg vhfrqg zhoiduh wkhruhpv vwloo krog/ dv
orqj dv sulfhv pd| eh qhjdwlyh/ vr wkdw dq doorfdwlrq lv h!flhqw li dqg
rqo| li lw lv d frpshwlwlyh htxloleulxp +ru txdvl0htxloleulxp, doorfdwlrq
rqfh vrph dssursuldwh wudqvihuv duh pdgh1 Wkh qdwxudo vwduwlqj srlqw ri
rxu dqdo|vlv lv wkxv wr vhh zkhwkhu dq| ri wkh Sduhwr0h!flhqw doorfdwlrqv
fdq eh dwwdlqhg wkurxjk wkh pdunhw phfkdqlvp zlwk qhjdwlyh sulfhv1
Xqghuo|lqj wkh wzr zhoiduh wkhruhpv lv wkh k|srwkhvlv ri wkh sulfh0wdnlqj
ehkdylru1 Lw lv iru wklv uhdvrqv wkdw zh orrn lqwr d prgho zlwk lqqlwho|
pdq| frqvxphuv/ hdfk ri zkrp lv qhjoljleoh lq vl}h uhodwlyh wr wkh hqwluh
hfrqrp|1 Lqghhg/ Dxpdqq +4<97, lqwurgxfhg vxfk d prgho wr hvwdeolvk
wkh fruh htxlydohqfh wkhruhp/ zklfk mxvwlhv wkh k|srwkhvlv ri wkh sulfh0
wdnlqj ehkdylru1 Lw kdv ehhq odwhu h{whqghg e| Kloghqeudqg +4<9;, wr
lqfrusrudwh edgv1
Wkh h{dpsoh +H{dpsoh 43, ri qrq0h{lvwhqfh ri d frpshwlwlyh htxlole0
ulxp vkrxog eh wdnhq dv d vhulrxvo| glvwxuelqj idfw/ dv lw vkrzv wkdw hyhq
wkh vlpsohvw prgho ri edgv fdqqrw sdvv wkh prvw edvlf lqwhuqdo frqvlv0
whqf| whvw iru hfrqrplf prghov1 Wkh h{dpsoh +H{dpsoh 57, ri wkh idloxuh
ri fruh frqyhujhqfh xqghuplqhv wkh uhohydqfh ri wkh fruh htxlydohqfh wkh0
ruhp wr odujh qlwh hfrqrplhv1 Ixuwkhupruh/ wkh h{dpsoh +H{dpsoh 55,
ri wkh idloxuh ri wkh xqlirup lqwhjudelolw| frqglwlrq vkrzv wkdw lq d odujh
qlwh hfrqrp|/ dq doprvw qhjoljleo| vpdoo jurxs ri frqvxphuv pd| hqg
xs frqvxplqj doprvw doo ri edgv lq wkh hfrqrp|1 Vxfk dq htxloleulxp
6 Dowhuqdwlyho|/ Vkdsoh| dqg Vkxeln +4<9<, sursrvhg d fr0rshudwlyh jdph lq zklfk frq0
vxphuv fdq gr vr1
7 Lq idfw/ Duurz +4<9<, vkrzv wkdw/ zlwk dssursuldwh prglfdwlrqv ri wkh frpprglw| vsdfh
dqg xwlolw| ixqfwlrqv/ dq hfrqrp| zlwk h{whuqdolwlhv fdq eh pdgh d vshfldo fdvh ri hfrqrplhv
zlwk lqfrpsohwh pdunhwv1
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doorfdwlrq fdvw vhulrxv grxewv rq wkh sodxvlelolw| ri wkh sulfh0wdnlqj eh0
kdylru lq qlwh hfrqrplhv/ krzhyhu odujh lw pd| eh1
417 Rujdql}dwlrq ri wkh Sdshu
Wkh irupdo prgho lv suhvhqwhg lq wkh qh{w vhfwlrq1 Vhfwlrq 5 suhvhqwv wkh
prgho dqg edvlf frqfhswv ri wklv sdshu1 Vhfwlrq 6 suhvhqwv wkh ohdglqj
h{dpsoh ri wkh qrq0h{lvwhqfh ri d frpshwlwlyh htxloleulxp1 Vhfwlrq 7
vkrzv wkdw lq dgglwlrq wr wkh qrq0h{lvwhqfh ri d frpshwlwlyh htxloleulxp/
wkhuh lv qhlwkhu dq h!flhqw dqg lqglylgxdoo| udwlrqdo doorfdwlrq qru dq
h!flhqw dqg hqy|0iuhh doorfdwlrq1 Vhfwlrq 8 vkrzv wkdw wkh qrq0h{lvwhqfh
vxuylyhv ydulrxv prglfdwlrqv ri wkh h{dpsoh1 Vhfwlrq 9 lqyhvwljdwhv
wkh olplw ehkdylru ri fruh dqg htxloleulxp doorfdwlrq ri qlwh hfrqrplhv
dssur{lpdwlqj wkh lqqlwh hfrqrp| iru zklfk wkhuh lv qr frpshwlwlyh
htxloleulxp1 Vhfwlrq : frqfoxghv1
5 Prgho
Wkh vsdfh ri +qdphv ri, frqvxphuv lv jlyhq e| d frpsohwh phdvxuh vsdfh
EcDc > zlwk f 	 >E 	 41 Ghqrwh e| X wkh vhw ri doo uhdo0ydoxhg
ixqfwlrqv ghqhg rq wkh wzr0glphqvlrqdo qrq0qhjdwlyh ruwkdqw -5./ gh0
qrwhg e| f/ wkdw duh frqwlqxrxv/ txdvl0frqfdyh/ vwulfwo| lqfuhdvlqj lq
wkh uvw frruglqdwh/ dqg vwulfwo| ghfuhdvlqj lq wkh vhfrqg frruglqdwh/
hqgrzhg zlwk wkh 3 frpsdfw rshq wrsrorj|1 Wklv lv wkh vsdfh ri xwlo0
lw| ixqfwlrqv zh vkdoo frqvlghu lq wklv sdshu1 Wkh lqwhusuhwdwlrq lv wkdw
wkhuh duh wzr frpprglwlhv> f lv wkh frqvxpswlrq vhw iru hyhu| frqvxphu>
wkh uvw frpprglw| lv d jrrg> dqg wkh vhfrqg frpprglw| lv d edg1 Dq
+sulydwh rzqhuvkls, hfrqrp| lv fkdudfwhul}hg dv d sdlu ri dq EDEEX0
phdvxudeoh pdsslqj  G  $ X dqg dq ED  EE-50phdvxudeoh dqg
lqwhjudeoh pdsslqj e G  $ -5/ zkhuh E vwdqgv iru wkh Eruho j0hog1
Wkh lqwhusuhwdwlrq lv wkdw wkh xwlolw| ixqfwlrq E@/ zklfk zh dovr zulwh
:
d/ uhsuhvhqwv frqvxphu @*v suhihuhqfh uhodwlrq/ dqg eE@ lv klv lqlwldo
hqgrzphqw yhfwru1
Ghqlwlrq 4 Ohw  5 D dqg s G  $ f/ wkhq s lv dq doorfdwlrq zlwklq






e1 Dq doorfdwlrq zlwklq  lv
dovr vlpso| fdoohg dq doorfdwlrq1
Qrwh wkdw dq doorfdwlrq/ e| ghqlwlrq/ vdwlvhv wkh uhvrxufh ihdvlelolw|







e/ wr holplqdwh wkh srvvlelolw| ri iuhh glvsrvdo1
Ghqlwlrq 5 Ohw s dqg } eh wzr doorfdwlrqv/ wkhq } lv d zhdn lpsuryh0
phqw rq s li d E}E@  d EsE@ iru doprvw hyhu| @ 5 / zlwk d vwulfw
lqhtxdolw| iru hyhu| @ lq vrph phdvxudeoh vxevhw ri srvlwlyh phdvxuh1 Lw
lv d vwurqj lpsuryhphqw rq s li d E}E@ : d EsE@ iru doprvw hyhu|
@ 5 1
Ghqlwlrq 6 Dq doorfdwlrq ri dq hfrqrp| lv vwurqjo| h!flhqw li wkhuh
lv qr zhdn lpsuryhphqw rq lw> lw lv zhdno| h!flhqw li wkhuh lv qr vwurqj
lpsuryhphqw rq lw1
D vwurqj lpsuryhphqw lv wkxv d zhdn lpsuryhphqw exw wkh frqyhuvh
qhhg qrw eh wuxh1 \hw li suhihuhqfh uhodwlrqv duh vwurqjo| prqrwrqh/ wkhq
wkhuh lv d vwurqj lpsuryhphqw zkhqhyhu wkhuh lv d zhdn rqh/ dqg wkh wzr
qrwlrqv ri h!flhqf| frlqflgh zlwk hdfk rwkhu1 Zh zloo vhh wrzdugv wkh
hqg ri wklv vhfwlrq wkdw wklv idfw uhpdlqv wr eh wuxh lq dq hfrqrp| lq
zklfk wkhuh duh rqh jrrg dqg rqh edg1
D sulfh yhfwru lv/ e| ghqlwlrq/ d qrq0}hur yhfwru ri -51
Ghqlwlrq 7 Dq doorfdwlrq s lv vwurqjo| vxssruwdeoh li wkhuh h{lvwv d
sulfh yhfwru R vxfk wkdw iru doprvw hyhu| @ 5  dqg hyhu| % 5 f/
R  % : R  sE@ zkhqhyhu dE% : dEsE@1 Lw lv zhdno| vxssruwdeoh li
;
wkhuh h{lvwv d sulfh yhfwru R vxfk wkdw iru doprvw hyhu| @ 5  dqg hyhu|
% 5 f/ R  %  R  sE@ zkhqhyhu dE% : dEsE@
Iru hdfk frqvxphu @/ zh vkdoo uhihu wr wkh xwlolw| pd{lpl}dwlrq frq0
glwlrq iru vwurqj vxssruwdelolw| dv wkh vwurqj xwlolw| pd{lpl}dwlrq frq0
glwlrq dqg wkh xwlolw| pd{lpl}dwlrq frqglwlrq iru zhdn vxssruwdelolw|
dv wkh zhdn xwlolw| pd{lpl}dwlrq frqglwlrq1 Wkh deryh qrwlrq ri zhdn
vxssruwdelolw| kdv ehhq frqvlghuhg lq Kloghqeudqg +4<9;,/ Pdv0Frohoo/
Zklqvwrq/ dqg Juhhq +4<<8,/ Kxuzlf} dqg Ulfkwhu +5334,/ dqg pdq|
rwkhuv1 Dv wkh| kdyh srlqwhg rxw/ zlwk wkh orfdoo| qrq0vdwldwlrq dvvxps0
wlrq rq xwlolw| ixqfwlrqv/ wkhq wkh zhdn xwlolw| pd{lpl}dwlrq frqglwlrq lv
htxlydohqw wr wkh frvw plqlpl}dwlrq frqglwlrq/ wkdw lv/ iru doprvw hyhu|
@ 5  dqg hyhu| % 5 f/ R %  R sE@ zkhqhyhu dE%  dEsE@1 Jlyhq
wklv/ zh vhh wkdw wkh zhdn xwlolw| pd{lpl}dwlrq frqglwlrq lv htxlydohqw wr
wkh vwurqj xwlolw| pd{lpl}dwlrq frqglwlrq li R  sE@ : ?uiR  % m % 5 fj1
Ghqlwlrq 8 D sdlu ERc s ri d sulfh yhfwru R dqg dq doorfdwlrq s lv d
vwurqj htxloleulxp li s lv vwurqjo| vxssruwhg e| R dqg R  sE@  R  eE@
iru doprvw hyhu| @ 5 1 Lw lv d zhdn htxloleulxp li s lv zhdno| vxssruwhg
e| R dqg R  sE@  R  eE@ iru doprvw hyhu| @ 5 1
Wkh vwurqj htxloleulxp lv frpprqo| nqrzq dv d Zdoudvldq ru frp0
shwlwlyh htxloleulxp/ exw zh rsw iru dgglqj wkh dgmhfwlyh vwurqj wr
glvwlqjxlvk lw iurp d zhdn htxloleulxp1 Wkh zhdn htxloleulxp frqfhsw
frlqflghv zlwk wkh svhxgr0htxloleulxp dqg txdvl0htxloleulxp/ exw zh fdoo
lw dq zhdn htxloleulxp iru vlpsolflw|1 Hyhq li wkh zhdn lqhtxdolw| 







e1 Khqfh d zhdn htxloleulxp lv d vwurqj htxloleulxp li
R  eE@ : ?uiR  % m % 5 fj iru doprvw hyhu| @ 5 / wkdw lv/ wkh vr0fdoohg
plqlpxp lqfrph frqglwlrq lv phw1 Wklv frqglwlrq lv phw li e4E@ : f iru
doprvw hyhu| @ 5  +vlqfh R4 : f dw hyhu| zhdn htxloleulxp, ru li R5 	 f
<
+vlqfh/ wkhq/ ?uiR  % m % 5 fj ’ 4,1
Zh qrz lqwurgxfh wkh xvhixo qrwlrq ri olqnhg dqg qrq0olqnhg doorfd0
wlrqv1 Lw lv wdnhq iurp Sursrvlwlrq :151: ri Pdv0Frohoo +4<;8,18
Ghqlwlrq 9 Ohw  5 D dqg s eh dq doorfdwlrq zlwklq / wkhq s lv
olqnhg li sE@ 5 ?|f iru hyhu| @ lq vrph phdvxudeoh vxevhw ri  ri
srvlwlyh phdvxuh1 Rwkhuzlvh/ lw lv qrq0olqnhg1
Dffruglqj wr wklv ghqlwlrq/ dw d qrq0olqnhg doorfdwlrq/ doprvw qr
frqvxphu frqvxphv erwk ri wkh wzr frpprglwlhv1 Wkh iroorzlqj ohppd
rq qrq0olqnhg doorfdwlrqv lv whfkqlfdo exw xqghuolhv vrph ri wkh uhvxowv ri
wklv sdshu1
Ohppd : Ohw  5 D dqg s eh dq doorfdwlrq zlwklq 1 Li } lv dq qrq0
olqnhg doorfdwlrq zlwklq  dqg dE}E@  dEsE@ iru doprvw hyhu| @ 5
/ wkhq }E@ ’ sE@ iru doprvw hyhu| @ 5 1
Surri ri l qfh wkh phdvxuh vsdfh EcDc > lv frpsohwh/ zh fdq dvvxph
zlwkrxw orvv ri jhqhudolw| wkdw }E@ 95 ?|f dqg dE}E@  dEsE@ iru
hyhu| @ 5 1
Vlqfh } lv dq qrq0olqnhg doorfdwlrq zlwklq / iru hyhu| @ 5 / li
}5E@ : f/ wkhq }4E@ ’ f  s4E@1 Vlqfh dE}E@  dEsE@/ wklv
lpsolhv wkdw }5E@  s5E@1 Wklv ri frxuvh krogv zkhq }5E@ ’ f1 Wkxv










wkdw }5E@ ’ s5E@ iru hyhu| @ 5 1 Vlqfh dE}E@  dEsE@/ wklv
lpsolhv wkdw s4E@  }4E@ iru hyhu| @ 5 1 Dv ehiruh/ wkhq/ }4E@ ’ s4E@
iru hyhu| @ 5 1 222
8 Wkhuh duh dssduhqwo| pdq| suhghfhvvruv ri wklv ghqlwlrq1 Dovr/ Ghqlwlrq 71618 ri Pdv0
Frohoo +4<;8, lv pruh h{solflw exw ohvv vxlwhg wr rxu dqdo|vlv ehfdxvh kh dvvxphg glhuhqwldelolw|
ri xwlolw| ixqfwlrqv zkloh zh gr qrw gr vr dw wklv srlqw1 D pruh ghwdlohg dffrxqw rq wklv
surshuw| lv frqwdlqhg lq d zrunvkrs surfhhglqj +Kdud +5336,,1
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Ohppd ; Dq doorfdwlrq lv vwurqjo| h!flhqw li dqg rqo| li lw lv zhdno|
h!flhqw1
Ohppd ; lpsolhv wkdw wkhuh lv qr qhhg wr glvwlqjxlvk vwurqj dqg zhdn
h!flhqf|1 Zh vkdoo wkhuhiruh uhihu wr wkhp vlpso| dv h!flhqf|1 Lwv surri
lv vrphzkdw lqwulfdwh dqg wkxv uhohjdwhg wr wkh dsshqgl{19 Wkh iroorzlqj
lv d frpelqdwlrq ri wkh uvw dqg vhfrqg zhoiduh wkhruhpv1 Zh vnls lwv
hdv| surri1
Wkhruhp < Dq doorfdwlrq lv h!flhqw li dqg rqo| li lw lv zhdno| vxssruw0
deoh1
6 Ohdglqj H{dpsoh
Wkh iroorzlqj h{dpsoh lv rxu ohdglqj h{dpsoh1 Zh vkdoo h{soruh ydul0
rxv surshuwlhv ri wklv h{dpsoh dqg dovr fkhfn wkh urexvwqhvv ri wkhvh
surshuwlhv zkhq wkh h{dpsoh lv prglhg1
H{dpsoh 43 Ohw  eh wkh rshq lqwhuydo Efc / D eh wkh vhw ri Ohehvjxh
phdvxudeoh vxevhwv ri / dqg > eh wkh Ohehvjxh phdvxuh uhvwulfwhg rq
1 Iru hdfk @ 5 / ohw
dE% ’ %4  @ E%5
5
dqg eE@ ’ E2c 1
Lq wklv h{dpsoh/ iru hyhu| @ 5 / eE@ 5 ?|f dqg d lv vprrwk/
vwulfwo| glhuhqwldeo| txdvl0frqfdyh/ dqg fdq eh h{whqghg wr wkh hqwluh
-51
Sursrvlwlrq 44 Wkhuh lv qr zhdn +dqg khqfh vwurqj, htxloleulxp lq H{0
dpsoh 431
9 L dp judwhixo wr Wrprnl Lqrxh iru srlqwlqj rxw wkh qhhg wr fkhfn phdvxudelolw| lq wkh
surri1
44
Surri ri l qfh eE@ 5 ?|f iru hyhu| @ 5 / lw vx!fhv wr vkrz wkdw
wkhuh lv qr vwurqj htxloleulxp1 Wr gr vr e| d frqwudglfwlrq dujxphqw/
vxssrvh wkdw wkhuh lv d vwurqj htxloleulxp ERc s1
Qrwh wkdw R4 : f e| wkh vwurqj xwlolw| pd{lpl}dwlrq frqglwlrq1 Lw dovr











Vlqfh udEeE@ ’ Ec2@ dqg 2@ 	 2 iru hyhu| @ 5 / li mR5m  2/
wkhq s5E@ :  iru doprvw hyhu| @ 5  dqg khqfh
]
D







e5 ’ 1 Wkxv mR5m 	 21
Vlqfh mR5m 	 2/ R  eE@  2  mR5m : f dqg khqfh wkh exgjhw olqh
i% 5 f m R  % ’ R  eE@j pxvw lqwhuvhfw zlwk wkh krul}rqwdo/ exw qrw wkh
yhuwlfdo/ d{lv1 Khqfh li sE@ lv rq wkh erxqgdu| ri f/ wkhq s5E@ ’ f1
Krzhyhu/ vlqfh R5 	 f dqg
YdEsE@
Y%5
’ 2@s5E@ ’ f/ wkh uvw0rughu
frqglwlrq iru wkh vwurqj xwlolw| pd{lpl}dwlrq zrxog frqwudglfw s5E@ ’ f1
Wkxv sE@ 5 ?|f iru doprvw hyhu| @ 5 1 Djdlq e| wkh uvw0rughu
frqglwlrq/ wkhuhiruh/ s5E@ ’
mR5m
2@
iru doprvw hyhu| @ 5 1 Exw wkhq s5
zrxog qrw eh lqwhjudeoh ehfdxvh wkh uhdo0ydoxhg ixqfwlrq @ :$ *@ rq 
lv qrw lqwhjudeoh hlwkhu1 Wklv lv d frqwudglfwlrq1 Khqfh wkhuh lv qr vwurqj
htxloleulxp1 222
Wkh qrq0lqwhjudelolw| ri wkh uhdo0ydoxhg ixqfwlrq @ :$ *@ rq  lv
wkh fuxfldo surshuw| iru wkh deryh qrq0h{lvwhqfh uhvxow1 Lw zloo dsshdu
uhshdwhgo| lq wkh vxevhtxhqw dqdo|vlv1
7 Pruh rq Qrq0H{lvwhqfh
D vwurqj htxloleulxp doorfdwlrq lv h!flhqw dqg lqglylgxdoo| udwlrqdo/ dqg
hqy|0iuhh lq whupv ri qhw ghpdqgv1 Lq wklv vhfwlrq/ zh vkrz wkdw wkhuh
duh vwurqjhu qrq0h{lvwhqfh uhvxowv lq H{dpsoh 431 Iluvw/ wkhuh lv qr door0
45
fdwlrq wkdw lv erwk h!flhqw dqg lqglylgxdoo| udwlrqdo1 Vhfrqg/ wkhuh lv qr
doorfdwlrq wkdw lv erwk h!flhqw dqg hqy|0iuhh lq whupv ri qhw ghpdqgv1
Wkh iroorzlqj htxlydohqfh ehwzhhq h!flhqf| dqg xqolqnhgqhvv lv fuxfldo
iru erwk uhvxowv1
Ohppd 45 Lq H{dpsoh 43/ dq doorfdwlrq lv h!flhqw li dqg rqo| li lw lv
qrq0olqnhg1
Surri ri i dq doorfdwlrq lv qrq0olqnhg/ wkhq lw lv zhdno| vxssruwdeoh e|
R ’ Ec f dqg khqfh h!flhqw1
Wr suryh wkh frqyhuvh e| d frqwudglfwlrq dujxphqw/ ohw s lv dq h!flhqw
dqg olqnhg doorfdwlrq1 Wkhq s lv zhdno| vxssruwdeoh/ e| d sulfh yhfwru R1
Wkhq/ dv zh vdz lq wkh surri ri Sursrvlwlrq 44/ R4 : f dqg khqfh zh fdq
dvvxph wkdw R4 ’ 1 Ohw  5 D eh vxfk wkdw >E dqg sE@ 5 ?|f iru
hyhu| @ 5 1 E| wkh uvw0rughu frqglwlrq ri h!flhqw lqwhulru doorfdwlrqv/
2@s5E@ ’ R5 iru doprvw hyhu| @ 5 1 Wkxv R5 	 f dqg wkh plqlpxp
lqfrph frqglwlrq lv phw iru hyhu| frqvxphu1 Khqfh wkh vwurqj xwlolw|
pd{lpl}dwlrq frqglwlrq lv phw iru hyhu| frqvxphu dv zhoo1 Wkh uvw0
rughu frqglwlrq/ doorzlqj iru wkh srvvlelolw| ri s4E@ ’ f/ lv wkhq wkdw





Wklv zhdn lqhtxdolw| wkhuhiruh krogv iru doprvw hyhu| @ 5 1 Exw klv
lv d frqwudglfwlrq ehfdxvh s5 lv lqwhjudeoh exw wkh uhdo0ydoxhg ixqfwlrq
@ :$ *@ rq  lv qrw1 222
Qrwh wkdw wr vkrz wkdw hyhu| qrq0olqnhg doorfdwlrq lv h!flhqw/ zh glg
qrw xvh wkh vshflfdwlrq ri  dqg e lq H{dpsoh 431 Khqfh wkh surshuw|
lv wuxh lq hyhu| hfrqrp| zlwk rqh jrrg dqg rqh edg1
46
714 Lqglylgxdo Udwlrqdolw|
Wkh iroorzlqj ghqlwlrq lv vwdqgdug1
Ghqlwlrq 46 Dq doorfdwlrq s lv lqglylgxdoo| udwlrqdo li dEsE@ 
dEeE@ iru doprvw hyhu| @ 5 1
Sursrvlwlrq 47 Lq H{dpsoh 43/ wkhuh lv qr h!flhqw dqg lqglylgxdoo|
udwlrqdo doorfdwlrq1
Surri ri x ssrvh wkdw wkhuh lv dq h!flhqw dqg lqglylgxdoo| udwlrqdo
doorfdwlrq s 1 E| Ohppd 45/ s lv qrq0olqnhg1 E| Ohppd :/ sE@ ’ eE@
iru doprvw hyhu| @ 5 1 Exw wklv frqwudglfwv eE@ ’ E2c  iru hyhu|
@ 5 1 222
715 Hqy|0Iuhhqhvv
Zh frqvlghu wkh hqy|0iuhh surshuw| zlwk uhvshfw wr qhw ghpdqgv1
Ghqlwlrq 48 Dq doorfdwlrq s lv hqy|0iuhh li wkhuh h{lvwv d  5 D vxfk
wkdw >E q ’ f dqg iru hyhu| @ 5  dqg hyhu| K 5 / li eE@n EsEK
eEK 5 f/ wkhq dEeE@ n EsEK eEK  dEsE@1
Wkh ghqlwlrq vwdwhv wkdw dw dq hqy|0iuhh doorfdwlrq/ doprvw qr frq0
vxphu fdq jhw vwulfwo| ehwwhu r e| uhfhlylqj wkh qhw ghpdqgv wkdw dq0
rwkhu frqvxphu uhfhlyhv1
Sursrvlwlrq 49 Lq H{dpsoh 43/ wkhuh h{lvwv qr h!flhqw dqg hqy|0iuhh
doorfdwlrq1
47
Surri ri x ssrvh wkdw wkhuh lv dq h!flhqw dqg hqy|0iuhh doorfdwlrq s 1
Ghqh
4 ’ i@ 5  m s4E@ : e4E@j c
5 ’ i@ 5  m s5E@ : e5E@j 
Wkhq > E4 _5 ’ f ehfdxvh s lv qrq0olqnhg e| Ohppd 451 Vxssrvh
wkdw >E4 : f dqg >E5 : f/ wkhq
> E4 _ E q5 ’ > E4 q E4 _5 ’ >E4 : fc
> EE q4 _5 ’ > E5 q E4 _5 ’ >E5 : f
Exw wkh frqvxphuv @ 5 Eq4_5 zrxog hqy| wkrvh @ 5 4 q E4_5
dqg khqfh s frxog qrw eh hqy|0iuhh1 Zh pxvw wkxv kdyh hlwkhu >E4 ’ f







e4/ s4E@ ’ e4E@ iru doprvw hyhu| @ 5 1 Wkhq/
e| wkh hqy|0iuhh surshuw|/ s5E@ ’ e5E@ iru doprvw hyhu| @ 5 1 Wkxv
sE@ ’ eE@ iru doprvw hyhu| @ 5 1 Zh fdq dqdorjrxvo| vkrz wkdw wkh
vdph htxdolw| lv rewdlqhg dovr zkhq >E5 ’ f1 Exw wklv frqwudglfwv
eE@ ’ E2c  iru hyhu| @ 5 1 222
8 Urexvwqhvv ri wkh Ohdglqj H{dpsoh
Lq wklv vhfwlrq zh dujxh wkdw wkh qrq0h{lvwhqfh uhvxowv ri rxu ohdglqj
h{dpsoh +H{dpsoh 43, lv urexvw lq pdq| gluhfwlrqv ri prglfdwlrq1 Zh
zloo rplw ghwdlohg surriv iru prvw ri wkh sursrvlwlrqv ehorz/ dv wkh|
zrxog eh vwudljkwiruzdug prglfdwlrqv ri wkh suhfhglqj surriv1 Lq doo ri
wkh prglfdwlrqv ehorz/ mxvw dv lq H{dpsoh 43/  eh wkh rshq lqwhuydo
Efc / D eh wkh vhw ri Ohehvjxh phdvxudeoh vxevhwv ri / dqg > eh wkh
Ohehvjxh phdvxuh uhvwulfwhg rq 1
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814 Frqvxpswlrq Vhwv
Lw kdv vr idu ehhq dvvxphg wkdw wkh frqvxpswlrq vhw f htxdov wkh qrq0
qhjdwlyh ruwkdqw -5./ exw wklv dvvxpswlrq pd| vhhp wr eh lpsodxvleoh/
ehfdxvh lw lpsolhv wkdw d frqvxphu fdq vxuylyh rqo| zlwk edgv/ qrw frq0
vxplqj wkh jrrg dw doo1: Wkh qh{w sursrvlwlrq vkrzv wkdw d zhdn htxlole0
ulxp pd| vwloo qrw h{lvw hyhq lif lv d surshu vxevhw ri -5./ wr lqfrusrudwh
wkh vlwxdwlrq zkhuh/ iru h{dpsoh/ d frqvxphu qhhgv wr frqvxph pruh ri
wkh jrrg iru vxuylydo zkhq kh frqvxphv pruh ri wkh edg1
Sursrvlwlrq 4: Ohw  dqg e eh dv lq H{dpsoh 43 iru hyhu| @ 5 / dqg
ohw fd  i% 5 f m dE%  dEeE@j iru hyhu| @ 5 / wkhq wkhuh lv qr
zhdn htxloleulxp iru wkh hfrqrp| zlwk lqlwldo hqgrzphqwv e dqg xwlolw|
ixqfwlrqv d uhvwulfwhg rq fd iru hyhu| @ 5 
Wklv sursrvlwlrq fdq eh suryhg e| qrwlqj wkdw wkh vhw ri lqglylgxdoo|
udwlrqdo frqvxpswlrq yhfwruv uhpdlqv wkh vdph dv iru H{dpsoh 43 dqg
wkxv wkh ghpdqg ixqfwlrq lv wkh vdph dv zhoo1 Vlqfh wkh vhw i% 5 f m
dE%  dEeE@j ri lqglylgxdoo| udwlrqdo frqvxpswlrq yhfwruv kdv qr
xsshu erxqg rq wkh srvvleoh frqvxpswlrq ohyhov iru wkh edg/ qhlwkhu
grhv fd1 Lqghhg/ rqh fdq vkrz wkdw li wkhuh zhuh dq xsshu erxqg +zlwk
rwkhu wklqjv ehlqj htxdo,/ wkhq wkhuh zrxog h{lvw d vwurqj htxloleulxp1
Dv h{sodlqhg lq wh{werrnv vxfk dv Nrovwdg +4<<</ Vhfwlrq 71LLL1F,/ d
vwdqgdug whfkqltxh wr wudqvirup dq hfrqrp| zlwk edgv lqwr dq hfrqrp|
zlwkrxw edgv lv wr lqfrusrudwh/ vd|/ jduedjh glvsrvdo dv d frpprglw|
lq sodfh ri jduedjh1 Vlqfh jduedjh glvsrvdo pdnhv d jrrg/ rqh zrxog
riwhq frqfoxgh wkdw wkh vwdqgdug uhvxowv rq htxloleuld/ lqfoxglqj wkhlu h{0
lvwhqfh/ lq hfrqrplhv zlwkrxw edgv duh doo dssolfdeoh wr wkrvh zlwk edgv1
Wklv dujxphqw/ krzhyhu/ lv  dzhg/ dv fdq eh vhhq iurp wkh dujxphqw
lq wkh suhylrxv sdudjudsk= Vlqfh wkhuh lv qr xsshu erxqg rq jduedjh
: Nrwdur Vx}xpxud dqg Wrprlfkl Vklqr}xnd srlqwhg rxw wklv wr ph1
49
frqvxpswlrqv/ wkh jduedjh glvsrvdo pxvw eh phdvxuhg e| qhjdwlyh qxp0
ehuv/ zkhuh wkh pruh qhjdwlyh wkh jduedjh glvsrvdo ohyho lv/ wkh pruh
wkh jduedjh lwvhoi lv wr eh frqvxphg> dqg wkhuh lv qr orzhu erxqg rq
wkh srvvleoh frqvxpswlrq ohyhov iru jduedjh glvsrvdo lq wkh wudqviruphg
frqvxpswlrq vhw1 Krzhyhu/ vlqfh wkh frqvxpswlrq vhwv duh dvvxphg wr
eh erxqghg iurp ehorz lq wkh h{lvwhqfh wkhruhpv iru lqqlwh hfrqrplhv
+Dxpdqq +4<99,/ Vfkphlgohu +4<9<,/ dqg Kloghqeudqg +4<:3,,/ wkhvh h{0
lvwhqfh wkhruhpv/ frqvlvwhqw zlwk H{dpsoh 43/ gr qrw lpso| h{lvwhqfh ri
htxloleuld lq hfrqrplhv zlwk edgv1
815 Jrrgv iru Orz Ohyhov ri Frqvxpswlrq
Zkloh/ lq wkh ohdglqj h{dpsoh/ wkh vhfrqg frpprglw| lv d edg iru hyhu|
frqvxphu dw hyhu| frqvxpswlrq ohyho/ wklv dvshfw ri suhihuhqfhv lv qrw
fuxfldo iru dq htxloleulxp qrw wr h{lvw1 Wkh iroorzlqj sursrvlwlrq vkrzv
wkdw hyhq li wkh frpprglw| lv d jrrg iru orz ohyhov ri frqvxpswlrqv/ dq
htxloleulxp pd| qrw h{lvw dv orqj dv wkh vdwldwlrq ohyhov duh vx!flhqwo|
orz1
Sursrvlwlrq 4; Ohw e eh dv lq H{dpsoh 43 dqg o G $ -. eh lqwhjudeoh1
Ghqh dE% ’ %4@E%5oE@
5/ wkhq wkhuh lv d vwurqj +dqg khqfh zhdn,




Surri ri h qrwh e| }E@c R5 frqvxphu @*v ghpdqg iru wkh vhfrqg frp0
prglw| xqghu wkh sulfh yhfwru R ’ Ec R51 Wklv lv zhoo ghqhg iru hyhu|
@ 5  dqg hyhu| R5 5 -/ dqg R lv d vwurqj htxloleulxp sulfh yhfwru li dqg
rqo| li }Ec R5 lv lqwhjudeoh dqg
]
D
}Ec R5 ’ 1 Qrwh wkdw }E@c R5 lv qrq0
qhjdwlyh dqg frqwlqxrxv lq R5/ dqg vdwlvhv }E@c R5 T oE@ li dqg rqo| li
R5 U f1 Khqfh/ lq sduwlfxodu/ li R5  f/ wkhq }Ec R5 lv lqwhjudeoh dqg/





frqwlqxrxv lq R5  f1 Pruhryhu/ }E@c R5$ f dv R5 $4 iru hyhu| @ 5 1
Khqfh/ djdlq e| wkh erxqghg frqyhujhqfh wkhruhp/
]
D











o  1 Khqfh/ e| wkh lqwhuphgl0
dwh ydoxh wkhruhp/ wkhuh h{lvwv d R5  f vxfk wkdw
]
D
}Ec R5 ’ 1 Wkhq
R ’ Ec R5 lv d vwurqj +dqg khqfh zhdn, htxloleulxp sulfh yhfwru1
Rq wkh rwkhu kdqg/ li
]
D






o 	  iru hyhu|




e| wkh uvw0rughu frqglwlrq iru d pd{lpxp/ kroglqj zlwk




lqwhjudeoh1 Wkxv } lv qrw lqwhjudeoh hlwkhu dqg wkhuh lv qr vwurqj +dqg
khqfh zhdn, htxloleulxp1 222
816 Lqlwldo Hqgrzphqwv
Zkloh doo frqvxphuv kdyh wkh vdph lqlwldo hqgrzphqwv E2c  lq H{dp0
soh 43/ wr hvwdeolvk wkh qrq0h{lvwhqfh uhvxowv/ lw lv qrw qhfhvvdu| iru doo
frqvxphuv* lqlwldo hqgrzphqwv wr eh htxdo1
Sursrvlwlrq 4< Ohw  eh dv lq H{dpsoh 43 dqg e G $ f eh lqwhjudeoh1
41 Wkhuh lv d vwurqj htxloleulxp li dqg rqo| li e5E@ ’ f iru doprvw hyhu|
@ 5 1
51 Wkhuh h{lvwv qr zhdn htxloleulxp li dqg rqo| li e4E@ : f iru doprvw
hyhu| @ 5 1
Surri ri 1 Li e5E@ ’ f iru doprvw hyhu| @ 5 / wkhq R ’ Ec f dqg
e frqvwlwxwh d vwurqj htxloleulxp1 Li qrw/ dqg li R ’ ER4c R5 zhuh dq
4;
htxloleulxp sulfh yhfwru/ wkhq R4 : f dqg R5 	 f1 E| wkh uvw0rughu
frqglwlrq dgplwwlqj wkh erxqgdu| frqvxpswlrqv/ li }E@c R5 lv frqvxphu
@*v ghpdqg iru wkh edg xqghu wkh sulfh yhfwru R ’ Ec R5 zlwk R5 	 f/














Wklv lpsolhv wkdw }E@c R5 
mR5m
2@
1 Vlqfh @ :$
mR5m
2@
lv qrw lqwhjudeoh/ wkhuh
lv qr vwurqj htxloleulxp1
51 Vlqfh d zhdn htxloleulxp zrxog dovr eh d vwurqj htxloleulxp li
e4E@ : f iru doprvw hyhu| @ 5 / sduw 4 lpsolhv wkdw wkhuh lv qr zhdn
htxloleulxp li e4E@ : f iru doprvw hyhu| @ 5 1 Rq wkh rwkhu kdqg/ li
wkhuh h{lvwv d  5 D vxfk wkdw >E : f dqg e4E@ ’ f iru hyhu| @ 5 /
wkhq wkh sulfh yhfwru R ’ Ec f dqg hyhu| qrq0olqnhg doorfdwlrq vdwlvi|lqj
s4E@ ’ }4E@ iru doprvw hyhu| @ 5  frqvwlwxwh d zhdn htxloleulxp1 222
817 Glvwulexwlrq ri wkh Lqwhqvlw| ri Glvxwlolw|
Lq H{dpsoh 43/ wkh xwlolw| ixqfwlrqv duh jlyhq e| dE% ’ %4  @E%5
51
Wdnlqj wkh jrrg dv wkh qxphudluh/ zh fdq vd| wkdw @ uhsuhvhqwv wkh
lqwhqvlw| ri glvxwlolw| iurp frqvxplqj wkh edg/ dqg wkdw wkh lqwhqvlw| lv
xqlirupo| glvwulexwhg ryhu wkh xqlw lqwhuydo Efc 1 Dv kdv ehhq dujxhg
hduolhu/ wkh fuxfldo surshuw| ri wkh xqlirup glvwulexwlrq lv wkdw wkh uhdo
ydoxhg ixqfwlrq @ :$ *@ ghqhg rq Efc  lv qrw lqwhjudeoh1 Wkh iroorzlqj
sursrvlwlrq vxevwdqwldwhv wklv fodlp1
Sursrvlwlrq 53 Ohw e eh dv lq H{dpsoh 43 dqg o G $  eh phdvxudeoh1
Ghqh dE% ’ %4oE@E%5
5/ wkhq wkhuh h{lvwv d vwurqj +dqg khqfh zhdn,
htxloleulxp li dqg rqo| li @ :$ *oE@ lv lqwhjudeoh1
4<
Vlqfh wkh glvwulexwlrq ri wkh lqwhqvlw| ri glvxwlolw| rq  ’ Efc  lv
>  o4/ wkh sursrvlwlrq vd|v wkdw wkhuh lv d vwurqj +dqg khqfh zhdn,
htxloleulxp li dqg rqo| li wkhuh duh uhodwlyho| ihz frqvxphuv kdylqj yhu|
orz lqwhqvlwlhv ri glvxwlolw|1 Lw fdq eh suryhg e| wkh vdph dujxphqw
dv iru Sursrvlwlrq 44 dqg/ lq sduwlfxodu/ lpsolhv wkdw wkh qrq0h{lvwhqfh
uhvxow fdq eh rewdlqhg hyhq zkhq wkhuh duh rqo| frxqwdeo| pdq| w|shv1








818 Udqjh ri Pdujlqdo Glvxwlolw|




2@%5 udqjhv iurp }hur wr lqqlw| dv wkh frqvxpswlrq ohyho %5 ri wkh
edg jrhv wr lqqlw|1 Wklv idfw pljkw eh frqvlghuhg dv dq lqglvshqvdeoh
ihdwxuh ri wkh h{dpsoh iru wzr uhdvrqv1 Iluvw/ lw lpsolhv wkdw hyhu| hi0
flhqw doorfdwlrq lv vxssruwdeoh rqo| e| wkh }hur sulfh iru wkh edg/ dqg
d zhdn htxloleulxp lv qrw d vwurqj htxloleulxp rqo| li wkh sulfh iru wkh
edg htxdov }hur1 Vhfrqg/ vlqfh wkh pdujlqdo xwlolw| glyhujhv wr lqqlw|/
wkh edg fdq srwhqwldoo| eh fdxvh dq duelwudulo| odujh pdujlqdo glvxwlolw|1
Lqghhg/ xqolnh wkh d ri H{dpsoh 43/ li wkhuh lv d erxqg rq pdujlqdo xwlo0
lw|/ dv dvvxphg xqghu wkh qdphv ri 0prqrwrqh suhihuhqfhv lq Jurgdo/
Wurfnho/ dqg Zhehu +4<;7,/ dqg surshu suhihuhqfhv lq Pdqhool +4<<4d/
4<<4e,/ rqh pd| rewdlq d fruh frqyhujhqfh wkhruhp/ zklfk lv vrphzkdw
vxjjhvwlyh ri srvlwlyh h{lvwhqfh uhvxowv iru wkh olplw/ lqqlwh hfrqrp|1
Wkh iroorzlqj sursrvlwlrq vkrzv wkdw rxu qrq0h{lvwhqfh uhvxow vwloo krogv
hyhq zkhq wkh pdujlqdo xwlolw| fdq eh erxqghg iurp deryh dqg ehorz
e| dq| qrq0qhjdwlyh qxpehuv1 Lw wkhuhiruh lpsolhv wkdw qhlwkhu wkh }hur
pdujlqdo xwlolw| dw }hur frqvxpswlrq qru lwv glyhujhqfh wr lqqlw| zkhq
wkh frqvxpswlrq ohyho jrhv wr lqqlw| lv d fuxfldo surshuw| ri rxu ohdglqj
53
h{dpsoh1
Sursrvlwlrq 54 Ohw ^ dqg ^ eh vxfk wkdw f  ^ 	 ^  41 Wkhq/ wkhuh
h{lvwv d  G $ X dqg  5 ?|f vxfk wkdw
41 d fdq eh zulwwhq lq wkh irup ri
dE% ’ %4  rd E%5 c
zkhuh/ iru hyhu| @ 5 / rd G -. $ -. lv d wzlfh frqwlqxrxvo|
glhuhqwldeoh ixqfwlrq vxfk wkdw ^ 	 r3dE%5 	 ^ dqg r
33
dE%5 : f iru
hyhu| %5 5 -..1
51 Wkhuh lv qr zhdn +dqg khqfh vwurqj, htxloleulxp ri wkh hfrqrp| gh0
qhg e|  dqg wkh frqvwdqw pdsslqj e G  $ f zlwk eE@ ’  iru
hyhu| @ 5 /
Surri ri h suryh wkh sursrvlwlrq uvw iru wkh fdvh ri ^ ’ 4 dqg wkhq
iru wkh fdvh ri ^ 	41
Vxssrvh uvw wkdw ^ ’41 Wkhq ghqh
rdE%5 ’ @E%5
5 n ^%5c
 ’ E2 n ^c 
Wkhq/ mxvw dv lq wkh surri ri Sursrvlwlrq 44/ zh fdq vkrz wkdw zh fdq
wdnh R4 ’  zlwkrxw orvv ri jhqhudolw|> wkdw R5 	 ^ ehfdxvh rwkhuzlvh]
D
s5 ’ f> wkdw mR5m 	 2 n ^ ehfdxvh rwkhuzlvh
]
D
s5 : > exw wkdw li
^ 	 mR5m 	 2 n ^/ wkhq s5E@ ’
mR5m  ^
2@
/ frqwudglfwlqj wkh lqwhjudelolw| ri
s51






Wkhq/ iru hdfk @ 5 / wkhuh h{lvw dq kE@ 5 - dqg d qE@ 5 -.. vxfk
wkdw wkh ixqfwlrq ^d G $ -. ghqhg e|
^dE%5 ’
;?= ^ n 2@%5 iru %5  oE@c^  kE@
qE@
i T EqE@%5 iru %5 : oE@
+4,
lv frqwlqxrxvo| glhuhqwldeoh1 Wkhq ^dEoE@ ’ e^/ zkhuh e^ ’ ^ n ^
2
/
dqg ^ 	 ^dE%5 	 ^ dqg ^
3
dE%5 : f iru hyhu| %5 5 -..1 Wkhq ghqh





wkhq rd lv wzlfh frqwlqxrxvo| glhuhqwldeoh1 Pruhryhu/ r
3
dEoE@ ’ e^/ dqg
^ 	 r3dE%5 	 ^ dqg r
33
dE%5 : f iru hyhu| %5 5 -..1 Ghqh  G $ X e|
dE% ’ %4  rd E%5
wkhq  lv phdvxudeoh1
Ghqh e G $ ?|f e|
eE@ ’ Ee^oEc oE
iru hyhu| @ 5 / wkhq e lv ri frxuvh lqwhjudeoh1 Vlqfh eE@ 5 ?|f/ lw lv
vx!flhqw wr suryh wkdw wkhuh lv qr vwurqj htxloleulxp iru wkh hfrqrp|
ghqhg e|  dqg e1 Wr gr vr e| d frqwudglfwlrq dujxphqw/ vxssrvh wkdw
ERc s lv d vwurqj htxloleulxp1 Wkhq R4 : f dqg khqfh zh fdq dvvxph
wkdw R4 ’ 1
Li R5  ^/ wkhq R  eE@  Ee^ ^oE : f dqg khqfh wkh exgjhw olqh
i% 5 f m R  % ’ R  eE@j pxvw lqwhuvhfw zlwk wkh krul}rqwdo/ exw qrw
wkh yhuwlfdo/ d{lv1 Wkxv wkh xwlolw| pd{lpl}dwlrq frqglwlrq lpsolhv wkdw







R5 	 ^  f1
55
Vlqfh e5E@ ’ oE 	 oE@/YdEeE@Y%5
 ’ r3dEe5E@ 	 r3dEoE@ ’ e^
iru hyhu| @ 5 1 Wkxv/ li mR5m  e^/ wkhq s5E@ : e5E@ iru doprvw hyhu|






e5/ zklfk lv d frqwudglfwlrq1 Wkxv mR5m 	 e^1
Khqfh R  eE@ : f dqg wkh exgjhw olqh i% 5 f m R  % ’ R  eE@j pxvw
lqwhuvhfw zlwk wkh krul}rqwdo/ exw qrw wkh yhuwlfdo/ d{lv1 Khqfh li sE@ lv
rq wkh erxqgdu| ri f/ wkhq s5E@ ’ f1 Krzhyhu/ vlqfh
mR5m : ^ ’ r
3
dEf ’ ^dEf ’
YdEsE@Y%5
 c
wkh uvw0rughu frqglwlrq iru wkh vwurqj xwlolw| pd{lpl}dwlrq/ hyhq doorz0
lqj iru wkh erxqgdu| frqvxpswlrq/ frxog qrw eh phw1 Khqfh s5E@ : f1
Wkxv/ e| wkh uvw0rughu frqglwlrq iru dq lqwhulru frqvxpswlrq/ r3dEs5E@ ’
^dEs5E@ ’ mR5m1 Vlqfh mR5m 	 e^/ wklv lpsolhv wkdw s5E@ 	 oE@ dqg khqfh




iru doprvw hyhu| @ 5 1 Exw wkhq s5 zrxog qrw eh lqwhjudeoh ehfdxvh
wkh uhdo0ydoxhg ixqfwlrq @ :$ *@ rq  lv qrw lqwhjudeoh hlwkhu1 Wklv lv d
frqwudglfwlrq1 Khqfh wkhuh lv qr vwurqj htxloleulxp1 222
9 Odujh Ilqlwh Hfrqrplhv
Wkh sxusrvh ri wklv vhfwlrq lv wr foduli| wkh qdwxuh ri wkh qrq0h{lvwhqfh ri
htxloleuld ri wkh ohdglqj h{dpsoh +H{dpsoh 43, e| orrnlqj lqwr d vhtxhqfh
ri htxloleuld ri qlwh hfrqrplhv wkdw frqyhujhv/ zlwk uhvshfw wr wkh zhdn
wrsrorj| ri suredelolw| phdvxuhv/ wr wkh lqqlwh hfrqrp| ri wkh ohdglqj
h{dpsoh1 Zh zloo vhh lq Sursrvlwlrq 56 wkdw dv wkh hfrqrp| ehfrphv
56
odujh/ dq duelwudu| vpdoo jurxs ri frqvxphuv pd| hqg xs frqvxplqj
doprvw doo ri wkh edg lq wkh hfrqrp|1 Vxfk d vhtxhqfh ri doorfdwlrqv kdv
qr olplw fruuhvsrqglqj wr dq doorfdwlrq ri wkh lqqlwh hfrqrp| ehfdxvh/
e| ghqlwlrq/ hyhu| doorfdwlrq lq wkh lqqlwh hfrqrp| pxvw dvvljq }hur
frqvxpswlrq wr hyhu| jurxs ri frqvxphuv ri phdvxuh }hur1 Zh vkdoo dovr
jlyh dq h{dpsoh ri wkh idloxuh ri wkh olplw wkhruhp ri wkh fruh ri qlwh
hfrqrplhv1 Vxfk dq h{dpsoh zdv douhdg| jlyhq e| Pdqhool +4<<4,/ exw
rxu h{dpsoh lv vlplodu wr H{dpsoh 43 dqg dgplwv dq hdvlhu hfrqrplf
lqwhusuhwdwlrq1
914 Htxloleuld
H{dpsoh 55 Iru hdfk srvlwlyh lqwhjhu ?/ ghqh d suredelolw| phdvxuh
vsdfh EqcDqc >q e| ohwwlqj q ’ ic 2c    c ?j/ Dq eh wkh srzhu vhw
ri q/ dqg >q eh wkh xqlirup suredelolw| glvwulexwlrq rq q1 Ghqh
q G q $ X e|





dqg eq G q $ f e| eqE@ ’ E2c  iru hyhu| @ 5 q1



























Wkhq/ iru hyhu| ?/ ERqc sq lv wkh xqltxh vwurqj +dqg khqfh zhdn,
htxloleulxp ri wkh hfrqrp| Eqc eq1
51 Wkh vhtxhqfh ri lqgxfhg suredelolw| phdvxuhv >q  Eq  eq4 rq
X f frqyhujhv zhdno| wr >  E e4/ zkhuh  dqg e duh ghqhg
dv lq H{dpsoh 431
57
61 Wkhuh h{lvwv d vhtxhqfh E@qq ri srvlwlyh lqwhjhuv vxfk wkdw
@q  ? iru hyhu| ?c +5,
@q
?





sq5 E@$  dv ?$4 +7,
Wklv sursrvlwlrq vd|v wkdw wkh jurxs ri frqvxphuv/ ic    c @qj  q/
lq wkh ?0wk qlwh hfrqrp| Eqc eq/ whqgv wr rffxs| dq duelwudulo| vpdoo
sursruwlrq lq srsxodwlrq +6, exw doprvw wkh hqwluh vkduh lq wkh edgv
frqvxpswlrq +7,1
Surri ri 1 Wklv lv urxwlqh1
51 Mxvw dv lq H{dpsoh 515 ri Eloolqjvoh| +4<<<,/ zh fdq vkrz wkdw wkh
glvwulexwlrq dvvljqlqj suredelolw| *? wr srlqwv *?c 2*?c    c ?*? frq0
yhujhv zhdno| wr wkh xqlirup glvwulexwlrq rq wkh lqwhuydo Efc 1 Vlqfh
eqE@ ’ E2c  iru hyhu| ? dqg @ 5 q dqg eE@ ’ E2c  iru hyhu|
@ 5 / dqg dovr vlqfh @ :$ d ri  lqwr X lv frqwlqxrxv/ wklv lpsolhv
wkdw >q  Eq  eq4 frqyhujhv zhdno| wr >  E e41
61 Iru hdfk ?/ ohw @q eh wkh srvlwlyh lqwhjhu vxfk wkdw
?4+orjq,
4@5
 @q 	 ?4+orjq,
4@5
n 











































 n *L} ?

Vlqfh wkh idu uljkw kdqg vlgh frqyhujhv wr / +7, lv suryhg1 222
915 Idloxuh ri wkh Fruh Frqyhujhqfh
H{dpsoh 57 Iru hdfk srvlwlyh lqwhjhu ?/ ghqh d suredelolw| phdvxuh
vsdfh EqcDqc >q e| ohwwlqj q ’ ifc c    c ?j/ Dq eh wkh srzhu vhw
ri q/ dqg >q eh wkh xqlirup suredelolw| glvwulexwlrq rq q1 Ghqh






5 iru @ ’ fc
%4  E%5
5 iru @  
dqg ghqh eq G q $ f e| eqE@ ’ E2c  iru hyhu| @ 5 q1
Wkh vhtxhqfh ri w|sh glvwulexwlrqv ri qlwh hfrqrplhv/ >qEq  eq4/
rq X  f frqyhujhv zhdno| wr wkh ghjhqhudwhg suredelolw| phdvxuh rq
X  f wkdw sxwv suredelolw| rqh rq wkh sdlu ri xwlolw| ixqfwlrq % :$
%4E%5
5 dqg lqlwldo hqgrzphqw yhfwru E2c 1 Khqfh wkh w|sh ri frqvxphu
@ ’ f/ zkr fduhv olwwoh derxw wkh edg/ glvdsshduv dw wkh olplw1;
; Lq idfw/ li wkh vsdfh X ri xwlolw| ixqfwlrqv zhuh wr eh h{whqghg wr dffrpprgdwh wkh
srvvlelolw| wkdw wkh vhfrqg frpprglw| pd| eh qhxwudo/ wkhq wkh vhtxhqfh ri vxssruwv vxss?
+x?  h?,3 zrxog qrw frqyhujh wr wklv vlqjoh w|sh zlwk uhvshfw wr wkh forvhg frqyhujhqfh
wrsrorj|1
59
Sursrvlwlrq 58 Lq H{dpsoh 57/ iru hdfk ?/ wkh xqltxh vwurqj htxlole0
ulxp lv jlyhq e|


















iru @  
Wkh surri lv vwudljkwiruzdug/ vr zh rplw lw1 Qrwh wkdw qhlwkhu wkh htxl0
oleulxp sulfh yhfwru Rq qru wkh frqvxpswlrq yhfwru sqE@ iru frqvxphu
@   ghshqgv rq ?1 Pruh lpsruwdqwo|/ wkh vlqjoh frqvxphu @ ’ f dozd|v
frqvxphv pruh wkdq kdoi ri wkh djjuhjdwh hqgrzphqw ri erwk frpprgl0
wlhv/ krzhyhu odujh ? pd| eh1 Rq wkh rwkhu kdqg/ wkh htxloleulxp ri
wkh olplw hfrqrp| zlwk uhvshfw wr wkh zhdn frqyhujhqfh lv R ’ Ec2
dqg sE@ ’ E2c  iru doprvw hyhu| @1 Khqfh wkhuh lv d glvfrqwlqxlw|
lq wkh htxloleulxp fruuhvsrqghqfh zlwk uhvshfw wr wkh zhdn frqyhujhqfh
wrsrorj|1 Wkh vhtxhqfh ri glvwulexwlrqv ri wkh htxloleulxp doorfdwlrqv sq
frqyhujhv zhdno| wr wkh ghjhqhudwhg suredelolw| phdvxuh sxwwlqj sure0
delolw| rqh rq E*2c *21 Wklv grhv qrw fruuhvsrqg wr dq| frqvxpswlrq
doorfdwlrq ri wkh olplw hfrqrp|/ ehfdxvh kdoi ri erwk frpprglwlhv duh
glvsrvhg ri1
Zh vkrz wkdw wkdw wkh vhtxhqfh ri qlwh hfrqrplhv lq H{dpsoh 57
grhv qrw kdyh wkh fruh frqyhujhqfh surshuw|/ e| phdvxulqj wkh jds iurp
exgjhw ihdvlelolw| dqg xwlolw| pd{lpl}dwlrq lq prqh| phwulf1 Wr eh pruh
suhflvh/ wdnh  ’

R 5 -5 m R4 ’ 

wr eh wkh sulfh vsdfh1< Iru hdfk ?/
ghqh q G f   q $ -. e|





Wkxv qE%c Rc @ phdvxuhv wkh jds ehwzhhq wkh jlyhq frqvxpswlrq yhf0
wru % 5 f dqg wkh ghpdqg ri frqvxphu @ 5 q xqghu wkh sulfh yhf0
< Rqfh frxog ri frxuvh wdnh/ vd|/ S @

s 5 U2 m msm. ms2m @ 4

dv wkh vsdfh ri qrupdol}hg
sulfh yhfwruv/ exw wkh uhvxow rewdlqhg ehorz qhhgv qr fkdqjh1
5:
wru R 5  / zkhuh wkh uvw whup phdvxuhv wkh ydoxh ri % lq h{fhvv ri
klv zhdowk xqghu R/ dqg wkh vhfrqg whup phdvxuhv wkh ghyldwlrq iurp
frvw plqlpl}dwlrq ri % xqghu R1 Zlwk rxu vshflfdwlrq ri wkh xwlo0
lw| ixqfwlrqv dqg hqgrzphqwv lq H{dpsoh 57/ frvw plqlpl}dwlrq/ zhdn
xwlolw| pd{lpl}dwlrq/ dqg vwurqj xwlolw| pd{lpl}dwlrq duh htxlydohqw1
Khqfh/ iru hyhu| sulfh yhfwru R dqg dq doorfdwlrq s iru wkh hfrqrp|
EEqcDqc >qc qc eq/ qEsE@c Rc @ ’ f iru hyhu| @ 5 q li dqg rqo| li
ERc s lv d vwurqj htxloleulxp1 Wkh deryh ghqlwlrq ri q lv d prglfdwlrq
ri wkh jds phdvxuh lq Dqghuvrq +4<:;,/ zklfk lv/ dffruglqj wr rxu qrwd0
wlrq/ mR  E% eE@mn m?u iR  E+  eE@ m + 5 f dqg dE+  dE%jm1
43
Wkh qrwlrq ri wkh fruh frqyhujhqfh surshuw| zh hpsor| uhtxluhv wkdw
wkh vhtxhqfh Eqq frqyhujhv lq phdvxuh wr }hur1 Pruh suhflvho|/ d
vhtxhqfh ri qlwh hfrqrplhv/ EEqcDqc >qc qc eqq/ kdv wkh fruh frq0
yhujhqfh surshuw| li iru hyhu| vhtxhqfh E}qq ri fruh doorfdwlrq ri wkh
hfrqrplhv EEqcDqc >qc qc eq dqg iru hyhu| 0 : f/ wkhuh h{lvw d vh0
txhqfh ERqq lq  dqg d srvlwlyh lqwhjhu  vxfk wkdw iru hyhu| ? :  /
>q Ei@ 5 q m qE}qE@c Rqc @ : 0j 	 0
Wkh iroorzlqj lv dq h{dpsoh ri wkh ylrodwlrq ri wkh wzr fruh frqyhu0
jhqfh surshuwlhv1
Sursrvlwlrq 59 Iru hdfk ?/ ghqh dq doorfdwlrq }q G q $ f ri wkh


















iru @  
Wkhq/ iru hyhu| ?/ }q ehorqjv wr wkh fruh ri EEqcDqc >qc qc eq/ exw
wkhuh h{lvwv dq 0 : f vxfk wkdw iru hyhu| vhtxhqfh ERqq ri sulfh yhfwruv
43 Wkh idloxuh ri wkh fruh frqyhujhqfh surshuw| e| wkh h{dpsoh fdq eh hvwdeolvkhg iru klv
jds phdvxuh dv zhoo1
5;
lq  /
>q Ei@ 5 q m qE}qE@c Rqc @  0j$  +8,
Wr h{sodlq lqwxlwlyho| zk| wkh vhtxhqfh ri wkh }q grhv qrw kdyh wkh
fruh frqyhujhqfh surshuw|/ uhfdoo wkdw dw wkh htxloleulxp doorfdwlrqv sq/
wkh vlqjoh frqvxphu f frqvxphv pruh wkdq kdoi ri wkhp/ krzhyhu odujh ?
pd| eh1 Lw lv wkxv uhdvrqdeoh wr jxhvv wkdw kh pxvw uhwdlq vrph prqrsro|
srzhu doo dorqj wkh vhtxhqfh ri qlwh hfrqrplhv/ e| ehlqj ohvv xqzloolqj
wr dffhsw wkh edg wkdq dq| rwkhu frqvxphu1 Lq idfw/ zkdw zh vhh lq wkh
deryh sursrvlwlrq lv wkdw hyhq li zh prgli| wkh htxloleulxp doorfdwlrqv
sq e| wudqvihuulqj vrph dprxqwv ri wkh jrrg iurp doo frqvxphuv @  
wr @ ’ f/ wkh uhvxowlqj doorfdwlrq zloo dovr ehorqj wr wkh fruh1 Wklv lv
zkdw zdv grqh wr frqvwuxfw wkh doorfdwlrqv }q1
Wkh fkrlfh ri wkh ohyho ri wudqvihu/ 4;/ lv qrw frpsohwho| duelwudu|1 Wr
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7 xqlwv ri wkh uvw frpprglw| iurp w|sh @ ’ f dw wkh htxloleulxp
doorfdwlrq sq zlwkrxw ylrodwlqj wkh lqglylgxdo udwlrqdolw| frqvwudlqw1 Vr




7/ vr wkdw klv lqglylgxdo udwlrqdolw|
frqvwudlqw lv vwloo phw zlwk vwulfw lqhtxdolw|1 Wklv lpsolhv wkdw wkhuh lv qr
remhfwlqj frdolwlrq frqvlvwlqj ri wkh @  1 Lw wkxv uhpdlqv wr vkrz wkdw
wkhuh lv qr remhfwlrq lqyroylqj frqvxphu f1 Wklv wdvn zloo wxuq rxw wr eh
hdv|/ wkdqnv wr wkh txdvl0olqhdulw| ri xwlolw| ixqfwlrqv zlwk uhvshfw wr wkh
jrrg dqg e| wkh vwurqj vxssruwdelolw| ri wkh sq1
Surri ri h uvw suryh wkdw iru hyhu| ?/ }q ehorqjv wr wkh fruh ri Eqc eq1
Lqghhg/ qr frdolwlrq frqvlvwlqj rqo| ri frqvxphuv @   fdq remhfw wr }q>
li wkhuh zhuh vxfk d frdolwlrq/ wkhq/ vlqfh doo phpehuv kdyh wkh lghqwlfdo/
5<
vwulfw txdvl0frqfdyh xwlolw| ixqfwlrq/ wkhuh zrxog eh dqrwkhu remhfwlrq
dw zklfk hyhu| phpehu uhfhlyhv wkh vdph frqvxpswlrq yhfwru1 Exw wklv
frqvxpswlrq yhfwru pxvw eh eE@ ’ E2c 1 Wklv lv d frqwudglfwlrq wr
qd E}
qE@ : qdEeE@1 Khqfh wkhuh lv qr remhfwlrq frqvlvwlqj rqo| ri
frqvxphuv @  1






iru hyhu| @  f/ }q lv vwurqjo| vxssruwdeoh e| R ’ Ec 5  1
Qrz/ e| phdqv ri d frqwudglfwlrq dujxphqw/ vxssrvh wkdw wkhuh lv d
zhdn remhfwlrq Eifj^c  wr vrph }q/ zkhuh  lv d vxevhw ri ic    c ?j
dqg pd| eh hpsw| ru htxdo wr ic    c ?j1 Wkhq
R  E@  R  }qE@
iru hyhu| @ 5 /
R  Ef  R  }q Ef c
dqg dw ohdvw rqh ri wkhvh mmn  zhdn lqhtxdolwlhv pxvw eh vwulfw1 Wkxv/










Wkh ohiw kdqg vlgh lv htxdo wr E n mm R  / zkhuh  ’ E2c  5 f1 Rq
wkh rwkhu kdqg/ vlqfh R  }qEf ’ R   n q; dqg R  }
q E@ ’ R    4; iru
hyhu| @ 5 c wkh uljkw kdqg vlgh lv htxdo wr




Vlqfh ?  mm  f/ wklv lv d frqwudglfwlrq1 Khqfh wkhuh lv qr remhfwlrq
lqyroylqj wkh frqvxphu @ ’ f1
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Zh qrz pryh rq wr suryh wkdw wkhuh h{lvwv d srvlwlyh qxpehu 0 : f iru
zklfk +8, krogv1 Vlqfh doo @   kdyh wkh vdph xwlolw| ixqfwlrq dqg lqlwldo








iru hyhu| ?/ erwk ri wkh wzr whupv ri wkh phdvxuh ri ghyldwlrq iru @  /
qE}qE@c Rc @ ’ 4@ iR  E}qE@ eE@ c fjn tTiR  E}qE@ + m + 5 fc
dqg dE+  dE}
qE@j







lv qrw wkh ghpdqg/ 4ER n 5ER : f iru hyhu| R 5  1 Wkh
uvw whup 4ER lv d frqvwdqw ixqfwlrq ri R5 iru R5 	 
6
7 dqg d vwulfwo|
lqfuhdvlqj ixqfwlrq iru R5 : 
6




















Khqfh lw lv d frqyh{ ixqfwlrq ri R51 Wkh ydoxh ri wkh ixqfwlrq lv qrq0
qhjdwlyh hyhu|zkhuh dqg htxdo wr }hur rqo| dw R5 ’ 1 Khqfh 5ER lv
d ghfuhdvlqj ixqfwlrq ri R5 iru R5 	  dqg dq lqfuhdvlqj ixqfwlrq ri iru
R5 : 1 Wkhuhiruh/ E}
qE@c Rc @ lv d vwulfwo| ghfuhdvlqj ixqfwlrq ri R5












?u iE}qE@c Rc @ m R 5 j
iru hyhu| srvlwlyh lqwhjhu ? dqg @  1 Li zh ghqrwh wkh plqlpxp +9, e|
0/ wkhq
>q Ei@ 5 q m qE}qE@c Rqc @  0j 
?
?n 
iru hyhu| vhtxhqfh ERqq/ dqg wkh uljkw kdqg vlgh frqyhujhv wr rqh dv
?$41 222
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Zh vkrxog srlqw rxw wkdw lw lv srvvleoh wr frqvwuxfw dq h{dpsoh ri
wkh idloxuh ri fruh frqyhujhqfh zlwk wkh prglfdwlrqv ri Sursrvlwlrq 541
Lqghhg/ iru wkh fdvh ri ^ 	4/ li zh ghqh EqcDqc >, dv lq H{dpsoh 57
dqg Eqc eq e|
qdE% ’
+
%4  r4@+q.5,E%5 iru @ ’ fc
%4  r4E%5 iru @  c
eqE@ ’ c
zkhuh r4@+q.5, G -. $ -/ r4 G -. $ -/ dqg  5 ?|f zhuh ghqhg dv lq













E^  ^ iru @ ’ fc

H
E^  ^ iru @  
Djdlq/ d wudqvihu ri d vx!flhqwo| vpdoo dprxqw ri wkh wkh jrrg iurp hdfk
@   wr @ ’ f jlyhv ulvh wr d vhtxhqfh ri fruh doorfdwlrqv ylrodwlqj wkh
fruh frqyhujhqfh surshuw|1 Vlqfh wkh xsshu erxqg ^ dqg orzhu erxqg ^
ri pdujlqdo glvxwlolw| fdq eh pdgh dw dq| ohyhov/ zh kdyh erwk surshu
suhihuhqfhv dqg wkh idloxuh ri fruh frqyhujhqfh dv lq Pdqhool +4<<4,1
: Frqfoxvlrq
Zh kdyh h{soruhg vrph sureohpv dulvlqj iurp wkh suhvhqfh ri edgv lq
hfrqrplhv zlwk lqqlwho| pdq| frqvxphuv1 Wkh prvw vljqlfdqw uhvxow
zdv d zrun0rxw h{dpsoh +H{dpsoh 43, ri wkh qrq0h{lvwhqfh ri htxlole0
uld1 Zh kdyh dovr vkrzq +Vhfwlrq 7, wkdw lq wklv h{dpsoh/ wkhuh lv hyhq
qhlwkhu dq h!flhqw dqg lqglylgxdoo| udwlrqdo doorfdwlrq qru dq h!flhqw
dqg hqy|0iuhh doorfdwlrq> dqg +Vhfwlrq 8, wkdw wkh qrq0h{lvwhqfh uhvxow
65
vxuylyhv ydulrxv w|shv ri prglfdwlrqv ri wkh h{dpsoh1 Wzr h{dpsohv
zhuh suhvhqwhg +Vhfwlrq 9,/ rqh wr vkrz wkdw wkh olplw ri wkh vhtxhqfh
ri htxloleulxp doorfdwlrqv ri lqfuhdvlqjo| srsxorxv qlwh hfrqrplhv pd|
qrw hyhq eh d uhvrxufh0ihdvleoh doorfdwlrq/ dqg wkh rwkhu wr vkrz wkdw wkh
olplw wkhruhp ri wkh fruh idlov hyhq lq d vlpsoh vhwwlqj ri hfrqrplhv1
Wkh prvw lpsruwdqw ixwxuh uhvhdufk wrslf lv shukdsv wr jlyh d vhw ri
vx!flhqw frqglwlrqv iru wkh h{lvwhqfh ri htxloleuld1 Zkdw zh fdq vhh iurp
Sursrvlwlrq 54 lv wkdw wkh h{lvwhqfh ri htxloleuld fdqqrw eh jxdudqwhhg e|
lpsrvlqj erxqgv rq wkh vl}h ri pdujlqdo glvxwlolw| iurp edgv1 Iru dq| ri
wkh xwlolw| ixqfwlrqv +htxdolw| +4,, frqvwuxfwhg lq lwv surri/ krzhyhu/ rqh
fdq vkrz wkdw dw dq| jlyhq srlqw/ wkh Jdxvvldq fxuydwxuhv ri lqglhuhqfh
fxuyhv ri wkh d frqyhujhv wr }hur dv @$ f dqg wkdw wkh htxl0frqyh{lw|
frqglwlrq ri Dqghuvrq +4<;4, lv qrw vdwlvhg1 Wkhvh frqglwlrqv kdyh
wxuqhg rxw wr eh fuxfldo iru wkh olplw wkhruhp iru wkh fruh/ dqg pd| zhoo
eh vr wrr lq rxu qrq0h{lvwhqfh uhvxow1
D Surri ri Ohppd ;
Lw lv vx!flhqw wr suryh wkdw li wkhuh h{lvwv d zhdn lpsuryhphqw } rq dq
doorfdwlrq s / wkhq wkhuh dovr h{lvwv d vwurqj lpsuryhphqw rq s 1 Ghqh
 ’ i@ 5  m d E}E@ : d EsE@j c
 ’ i@ 5  m }E@ 5 ?|fj
Wkhq 5 D1 Zh fdq suryh wkdw 5 D dv iroorzv= Wkh pdsslqj Ec % :$
E% ri X  f lqwr - lv frqwlqxrxv dqg khqfh EEEXEEfcEE-0
phdvxudeoh1 Vlqfh erwk @ :$ d dqg s duh phdvxudeoh/ e| G1L1+7, ri
Kloghqeudqg +4<:7,/ wkh pdsslqj @ :$ Edc sE@ ri  lqwr X  f lv
EDcEEXEEf0phdvxudeoh1 Vlqfh wkh pdsslqj @ :$ dEsE@ ri 
lqwr- lv wkh frpsrvlwh ri wkhvh wzrpdsslqjv/ lw lv EDcEE-0phdvxudeoh1
Zh fdq vlploduo| vkrz wkdw @ :$ dE}E@ lv EDcEE-0phdvxudeoh1 Wkxv
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 5 D1
Li >E q ’ f/ wkhq } zrxog lwvhoi eh d vwurqj lpsuryhphqw rq }1 Lq
wkh uhvw ri wkh surri/ wkhuhiruh/ zh dvvxph wkdw >E q : f1
Fdvh 4 >E _  : f1
Iru hdfk srvlwlyh lqwhjhu ?/ ghqh
(q ’














zkhuh + ’ Ec f 5 f/ wkhq (q 5 D/ (q  (q.4 iru hyhu| ?/ dqgV
q(q ’ ^ e| wkh frqwlqxlw| ri wkh d1 Khqfh wkhuh h{lvwv dq ? vxfk










+ li @ 5  qc
}E@ rwkhuzlvh
Vlqfh wkh d duh vwulfwo| lqfuhdvlqj lq wkh uvw frpprglw|/  lv d vwurqj
lpsuryhphqw rq s 1
Fdvh 5 >E _  ’ f1
Lq wklv fdvh/ lw lv vx!flhqw wr frqvwuxfw dqrwkhu zhdn lpsuryhphqw }3
rq s wkdw idoov lqwr Fdvh 41 Iru hdfk srvlwlyh lqwhjhu ?/ ghqh
K? ’ iE@c % 5  f m @E% 	 @EsE@j
_





zkhuh nn ghqrwhv wkh Hxfolghdq qrup1 Vlqfh erwk vhwv rq wkh uljkw kdqg
vlgh ehorqjv wr DEEf/ vr grhv Kq1 Vlqfh wkh phdvxuh vsdfh EcDc >
+dqg khqfh lwv vxevsdfh , lv frpsohwh dqg f lv d forvhg vxevhw ri -5/
e| G1LL1+44, ri Kloghqeudqg +4<:7,/ wkh surmhfwlrq ri Kq rqwr / wkdw lv/
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ehorqjv wr D1 Ghqrwh wklv vhw e| q/ wkhq q  q.4 iru hyhu| ? dqgW
qq ’ B e| frqwlqxlw|1 Wkxv wkhuh h{lvwv dq ? vxfk wkdw >Eqq : f1
E| Ohppd :/ >E : f dqg khqfh > EE q _  : f1 Wkhq wkhuh
h{lvw d B : f dqg d ( 5 D vxfk wkdw (  E q  _ / >E( : f/ dqg
4?i}4E@c }5E@j : B iru hyhu| @ 5 (1 Zh fdq dvvxph zlwkrxw orvv ri




Vlqfh hdfk  5 X lv frqwlqxrxv/ vwulfwo| lqfuhdvlqj lq wkh uvw frp0
prglw|/ dqg vwulfwo| ghfuhdvlqj lq wkh vhfrqg/ iru hyhu| % 5 f zlwk
4?i%4c %5j : B/ wkhuh h{lvwv d xqltxh + 5 ?|f vxfk wkdw n+n ’ B dqg
E%+ ’ E%1 Lw lv hdv| wr vkrz wkdw wkh pdsslqj V G Ec % :$ + lv frq0
wlqxrxv1 Wkxv wkh pdsslqj & G ( $ ?|f ghqhg e| &E@ ’ VEdc }E@
lv EDcEEf0phdvxudeoh1 Wkhq n&E@n ’ B/ }E@  &E@ 5 ?|f/ dqg
dE}E@ &E@ ’ dE}E@1 Qrz ghqh }
3 G $ f e|
}3E@ ’
;AA?AAA=






& li @ 5  qqc
}E@ rwkhuzlvh
Wkhq }3 lv dq doorfdwlrq1 Pruhryhu/
]
G














Khqfh/ e| wkh fkrlfh ri q/ dE}
3E@ : dEsE@ iru hyhu| @ 5  q q1
Wkxv/ li 3 dqg  3 duh ghqhg iru }3 mxvw dv  dqg  zhuh ghqhg iru }/
wkhq >E3 _  3  >E q q : f1 Wkxv }
3 lv d zhdn lpsuryhphqw rq s
wkdw idoov lqwr Fdvh 41
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hqfhv dqg iuhh glvsrvdo/ Mrxuqdo ri Hfrqrplf Wkhru| 88/ 7337481
^55‘ Olrqho Z1 PfNhq}lh/ 4<8</ Rq wkh h{lvwhqfh ri jhqhudo htxloleulxp
iru d frpshwlwlyh pdunhw/ Hfrqrphwulfd/ 5:/ 87:41
^56‘ Olrqho Z1 PfNhq}lh/ 4<;4/ Wkh fodvvlfdo wkhruhp rq h{lvwhqfh ri
frpshwlwlyh Htxloleulxp/ Hfrqrphwulfd 7</ ;4<;741
^57‘ Dqguhx Pdv0Frohoo/ 4<;8/ Wkh Wkhru| ri Jhqhudo Hfrqrplf Htxlole0
ulxp= D Glhuhqwldeoh Dssurdfk/ Fdpeulgjh Xqlyhuvlw| Suhvv1
^58‘ Dqguhx Pdv0Frohoo/ Plfkdho Zklqvwrq/ dqg Mhuu| U1 Juhhq/ 4<<8/
Plfurhfrqrplf Wkhru|/ R{irug Xqlyhuvlw| Suhvv1
^59‘ Khudfohv P1 Srohpdufkdnlv/ dqg Sdror Vlfrqro/ 4<<6/ Frpshwlwlyh
htxloleuld zlwkrxw iuhh glvsrvdo ru qrqvdwldwlrq/ Mrxuqdo ri Pdwkh0
pdwlfdo Hfrqrplfv 55/ ;8<<1
^5:‘ Gdylg Vfkphlgohu/ 4<9</ Frpshwlwlyh htxloleuld lq pdunhwv zlwk d
frqwlqxxp ri wudghuv dqg lqfrpsohwh suhihuhqfhv/ Hfrqrphwulfd 6:/
8:;8;81
^5;‘ Oor|g V1 Vkdsoh| dqg Pduwlq Vkxeln/ 4<9</ Rq wkh fruh ri dq hfr0
qrplf v|vwhp zlwk h{whuqdolwlhv/ Dphulfdq Hfrqrplf Uhylhz 8</
9:;9;71
6;
